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Analytical Transforms of the Y-Function
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Abstract: This paper explores the properties of the Y-function using various important integral transforms. We evaluate
and derive clear expressions for the Euler, Hankel, Whittaker, K-, and Ps-transforms applied to the Y-function kernel.
Using the Mellin-Barnes integral representation, we show that the resulting images can be clearly expressed in terms of
the original Y-function and the generalized Fox-H function. These findings create new functional relations and broaden
the existing techniques for hypergeometric-type functions.
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l. INTRODUCTION

1.1 Y Function :
The Y-function of Yang [9] as follows(see also [2]):

mn {ap'Ap}f 1
Yooq |GV b B}q =5 0(s)t eVs%s
q PaJy L
(1.1.1)
in which
o _A(s)B(s)
)= Ce6) o
1.1.2
where

As) = l_[ I(b — Bs)
j=1
Be) =] [ra-q+4)
j=1

q
C(s) = 1_[ (1 - b, +Bs)

j=m+1

p
pe)= | | rew -4

j=n+1
withxeCy€eCzeR qg=210<n<p1<m=gq,({a;,bj}€C{a;,b}€ER,

The pole of the Y-function is
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, _bi+ta
k; = B G=1nmA1eNu{0})
J
(1.1.3)
and
1 1-— aj + A i
ka=T G=1n1eNu{0})
J
(1.1.4)
e Wheny = a = 0in ( 1.1.1),the Y-function is reduced to Fox H-Function
P P
v e 00 {ap'Ap}l _ ymn|l. {ap'Ap}l
pq (& bB}q ~pa | {bB}q
q’~q)q q’~q)q
(1.1.5)
1.2 Beta Function :
The Beta function is defined as follows[1]
p(m,n) = f (1—x)"x™ 1dx
0
(1.2.1)
where m,n > 0
Relation with the Gamma function:
the beta function can be written in the form of gamma function as follows:
rm)r'(n)
PUmm = Tom +my
(1.2.2)
1.3 Integral Transforms:
1.3.1 Euler Transform:
The Euler transform [7] of a function f(z) is defined as:
1
B{f(2);a,b} = f 2% Y1 - 2)P"f(2)dz
0
(1.3.1)

abeC,R(a)>0,R(b)>0
1.3.2 Whittaker Transform:

The Whittaker transform is determined by the integral formula, which involves the Whittaker function and is
defined as [8].

LG +B+6IG—B+96)
Td—a+0)

*® ot
fo e 2t W, g (t)dt =

(1.3.2)
where R(B £ 6) > — % and W, g (t) is the whittaker confluent hypergeometric function.

1.3.3 Hankel Transform:
The definition of the Hankel transform of f(X) , represented by H,{f (x)},is[[5]](egn. 2.43)

9@iv) = f @O, @Of@dx;  p> 0
0
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(1.3.3)
J»(px) is the Bessal function of first kind of order v.
The integral in problem (1.4.1) can be solved using the following formula ([5],p.56-57,eqn.2.46)
A+v
* -
x* Y, (ax)dx = 24 a2 —— 2 7
fo v—2»1
(1.3.4)
1.3.4 K-Transform:
The K-Transform is defined by the integral equation [6] (see also [3])
® 1
RoF 9] = glpiv] = | ek, (po)f ()
0
(1.3.5)
Here R(v) > 0; K,,(x) is the second kind of Bessel function which is defined in ([6])
- 1
2
K,(2) = (3;)" Wou(22)
where W, ,,(.) is the Whittaker function defined as
r'(=28) r'2p)
Wp(2) = — Mg (2) + 7= Mg (2)
r(z-a-p) (G+a+p)
2 2
In evaluating the integrals,the following result given by Mathai et al.[5] will be used
f tP1K, (ax)dx = zp-za-Pr< ); R,(a) > 0; R,(p + v) > 0
0
(1.3.6)
1.3.5 Pg-Transform:
The Ps[f(t); s] transform of a function £ (t) is defined as [4] (see also[3])
Ps[f(t);s] = Fps(s) = f [1+(—-1)s]3 1f(t)dt §>1
(1.3.7)
Ps-Transform of the power function t#=1 is given by
Ps[tF1; —( 61 )Br
sl sl = \pnr e =nps) T®
(1.3.8)

1. RESULTS AND PROOFS

Theorem1:(Euler-Tranform)
Forx,y€Cz€e€Rq=>10<n<p,1<m< q{a;,bj} €C{a;,b}€R,and abeC,R(a)>0,R(b) > 0then

{ap' p} {ap'Ap}p; (1-a,1)
B Ymn Ly a; =T b Ym n+1 1; sa; 1
[ y by, q} (x) (B) Vo111 | LY {bq,Bq}Z; 1—a—b1)

(2.0.1)
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Proof:
Apply (1.3.1) on (1.1.1)

a,, A b
=B Ypr'r;.n [t; y; a; {bp Bp}};
qQ=q)q

1
= B{<ﬁ£®(s)t‘ses3’s“ds);a, b}

1

(E)(s)t Sesys"‘dsf t@ (1 —t)P~tdt
0

] ;a,b

2 i

1 1
__ 0 sygad ta—s—l 1—t b—1dt
i) O@eseds [ et -0

Using (1.2.2),we get

1 s aq. L@—s)(b)
= z_m'fL@(s)e S dS TG s+ b)

{ap, 4,1 (1 —a,1) l

— +1 g ye
=) iran Il'y' ® b,B) (1 —a—b1)
q’ q 1’ )

(2.0.2)
Corollary 1:
Using (1.1.5),we get
mn+1 {ap,4 p}p' (1-al) mn+1 {ap'Ap}f; (1-a1)
I(b) Ypiige |[Lyi =T(b) Hy{1q+1 |1 q
{bq,Bq} (1-a-b1) {bg,Bg};(1—a—b,1)
(2.0.3)

Theorem 2:(Whittaker Transform)

Forx,y€CzeRg=10<n<pl<m < q{a,b}€C{a,b}€R,andR(B +5)>— then

{apa,)s ( . 51) ( +ﬁ—6,1)

ap, p}
ty;a; ”(t) =TV, reii|Lyia

Wa,ﬁ Ygr:]n ’
{q' By, (b Ba}'s (@ —6,1)
(2.0.4)
Proof:
Apply (1.3.2) on (1.1.2)
p
© ¢t a,, A
=f e 25 W, 5 () | Y |6 s ta ”}ql l
0 {bq’Bq}l
oo _£ 1
=f e 21:5‘1Wa5(t) —_f@(s)t'sesys“ds dt
0 ’ 2mi ),
1 e
=—if®(s)esys“dsf e 2t IW, g (D) dt
L 0
Using(1.3.2),we get
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1 1

1 (7+B+6—5)F(7—B+6—s)
G)(s)esys"‘ds

~ 2mi M(l—a+d6—ys)

Aap ) (G-8-81):(G+8-06,1) (2.05)
{bq'Bq} (a—46,1)

=T(b) Vyioqi [Lia

Corollary 2 :
Using (1.1.5),we get

{ap4,)s ( . 51) ( +/3—5,1)

{bq,Bq}l, (a—6,1)

1 1
ap ) (E_B _5, 1);(§+[3 _s, 1)
{bq'Bq}j; (¢—46,1)

(D) Yyizqe |Lyia

= T(b) Hylgger |1

(2.0.6)
Theorem 3:(Hankel Transform)
Forx,yeCzeRg=210<n<pl<m< q,{a]-,bj} € (C,{a]-,bj} € R, and p > 0then
p} _ {ap, p} ( )
H, Yprlr:in ty,a { } H = 22p 1Yzﬁ?;il p;y; ; . 4 2 2
a4 {bq; Bq}l'(Z_EﬁE)
(2.0.7)
Proof : Apply (1.3.3) on (1.1.1)
® 1 {ap. 4p}
= [ women | ey, 0 | |a
0 {bQ' Bq}l
oo 1 1
=j (pt)z],(pt) [—J G)(s)t‘sesys“ds] dt
0 2mi J,,
=5 @(s)esys“ds [f (pt)z]v(pt)t Sdt]
_ i Sy o l . l—S+1—1
=— 0(s)e*Vs%ds p2 (t)2 J,(pt)dt
miJ, o
Using 1.3.4,we get
7~ s+v
1 13 3 2
= —f 0(s)e%Ys%ds p22z~* " 'p7z** 3
t v — Vi +s
rf1+ 5
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%—s+v
r 2
+s+l

1
= @(s)esys“ds 22 p 2
2w v+ % +s

2

|
|

r

= Z%p‘lif 0(s)esrs* (E) ds
ZU A e

r 2

v 1
2 {ay, p} ( )
_ —1ymn+l vy
_22p Yp+1q+1 p;y’ v 1

{bg, Boly: (4 >3

(2.0.8)
Corollary 3:
Using (1.1.5),we get
v 1
2 {apr p} ( ) 1 {ap’ p} (4 2 2)
zzp‘iYJl?ZL =Y v 1 =22 p_lHTﬁEil 2’ vi

{bq:Bq} (4 2’ 2) {bq’Bq}l'(Z_E'E)

(2.0.9)

Theorem 4:(K-Transform)
For x,y€Cz€Rqg=10<n<pl<m=<gq{a;,b}€C{a;,b}ER, and R(v) >0; and R,(a) >

0; R,(p £ v) > 0then

o o)t 1002

K, Y "ty a e Ly
o] P )
(2.0.10)
Proof : Apply (1.3.5) on (1.1.1)
) 1 a ,A 14
:f (Pt)2K, (pt) |Ypg" [t;y; a; (@ :}1 l dt
0 {bQ'Bq}l
=f (pt)2K, (pt) [—f G)(S)t‘sesys“ds] dt
0 2mi ),
=5 G)(s)esys“ds U (pt)zK (pt)t™ Sdt]
! veags ot [ (s
=ﬁf®(s)e Ys@ds p2f 27, (pt)dt
L 0
Using 1.3.6,we get
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3 3
1 f@ sygad l2—5—l S—§I—~ 7_S+v r f_s_v
= — 2 2 2
omi ), O()e7sTdsp p 2 2

1 %—s+v %—s—v
(E)(s)esys“dSZ $ 2p5 ir 5 r 5

2 i

. /3 3
1f Vg gsps 1(2)5F A T i
= — @ 2~ —_—
omi ) O®)estdsz 2T 2 2

2 {a, p} ( 2 1)

' v 1
{bq’Bq} (4 2 2)

1
— 95,.—1lymn+l -
=22p" Y, 1 g1 p:J’:

(2.0.11)
Corollary 4 :
Using (1.1.5),we get
v1 1 v1
: 2 {ap 45} <4 2’ 2) 1 2 {ay,4 } ( ) ( +_'_>
22 |y R B o T 22)'\a 722
2.0.12

Theorem 5:(Ps-Transform)
Forx,y€eCz€e€Rqg=10<n<p,1<m<=<gq,{a,b}€C{a,b}€R,and § > 1then

mn {ap' p} 1 mn+1 1 {ap' p}p' (0'1)
P [ 7 (b ), ] © " (RIEG Do) e (I CDa) " o5,
(2.0.13)
Proof : Apply (1.3.7) on (1.1.1)
5o {ap'Ap}p ]
=] [+ -1p]3 Y’”” ty; @ U] dt
[l o 3
= Jw [1+ - 1)p]_6_£1i_f O(s)tSes%ds dt
0 2mi J,
= %J}:@(s)esys“ds fom [1+ @ —-1)p]® 1 t™5dt
Letx =14 (6 — 1)p, then
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o t

1
=5 L@(s)esys“dsfo x 8-1t~°dt

(o0}

1 t
S— G)(S)esys“dsf t=5 x 51 gt

. T 2mi L 0
Using

I'(z) = f t=leatdt
0
Here
z=1-s5,

_In(x)
T

Then the integral evaluate

I'(2)

aZ

'1-s)
(mu+{5—1p5“5
- 5-1

1
= Z—nl_fL@(s)e”’s“ds

_ 1 ymntl 1 - .{ap,Ap}f; O
~ (+ @ = Dpl\ P+ |+ G =Dpl\'” “ 5,5,
( 51 ) ( §-1 ) T
(2.0.14)
Corollary 5 :
Using (1.1.5),we get
L oy
(BILE G el (M)'” “ by, B,
§—1 -1 '
p
_ 1 — s-1  {apap};00)
(ln[1+(6—1)p]) PELA | (In[1 + (5 — A {b,, B}’
— q’~q)q
(2.0.15)

. CONCLUSION

This study provides a clear framework for the key properties of the Y-function. We give closed-form expressions for
several important transforms and show how they relate to the generalized Fox H-function. This offers a strong
mathematical basis for future applications. These findings not only build on the existing theory of hypergeometric-type
functions but also supply important analytical tools for solving complex fractional-order differential equations in physics
and engineering.
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